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THE NUMBER OF REPRESENTATIONS OF SQUARES BY
INTEGRAL TERNARY QUADRATIC FORMS (II)
KYOUNGMIN KIM AND BYEONG-KWEON OH
Abstract. Let f be a positive definite ternary quadratic form. We assume
that f is non-classic integral, that is, the norm ideal of f is Z. We say f is
strongly s-regular if the number of representations of squares of integers by f
satisfies the condition in Cooper and Lam’s conjecture in [2]. In this article,
we prove that there are only finitely many strongly s-regular ternary forms up
to equivalence if the minimum of the non zero squares that are represented
by the form is fixed. In particular, we show that there are exactly 207 non-
classic integral strongly s-regular ternary forms that represent one (see Tables
1 and 2). This result might be considered as a complete answer to a natural
extension of Cooper and Lam’s conjecture.
1. Introduction
For a ternary quadratic form
fpx1, x2, x3q “
ÿ
1ďi,jď3
aijxixj , paij “ ajiq
we say that f is positive definite if the corresponding matrixMf :“ paijq is positive
definite. The discriminant df of f is defined by detpMf q. We say f is non-classic
integral if the ideal generated by fpx1, x2, x3q for any px1, x2, x3q P Z
3 is Z. This is
equivalent to
aii, aij`aji P Z for any i, j P t1, 2, 3u and gcdpa11, a22, a33, 2a23, 2a31, 2a12q “ 1.
Throughout this article, we assume that every ternary quadratic form f is positive
definite and non-classic integral.
For a ternary quadratic form f and an integer n, we define
Rpn, fq “ tpx1, x2, x3q P Z
3 : fpx1, x2, x3q “ nu and rpn, fq “ |Rpn, fq|.
Since we are assuming that f is positive definite, Rpn, fq is always finite. If rpn, fq
is nonzero, then we say that n is represented by f . If the class number of a ternary
quadratic form f is one, then for any integer n, rpn, fq can be written as a product
of local densities that are effectively computable. However, as far as the authors
know, there is no known effective way to determine rpn, fq, for an arbitrary positive
ternary quadratic form f .
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Let f be a ternary quadratic form. For any integer n, let n1 and n2 be positive
integers such that P pn1q Ă P p8dfq, pn2, 8dfq “ 1 and n “ n1n2. Here P pnq is
denoted by the set of prime factors of n. The ternary quadratic form f is called
strongly s-regular if for any positive integer n “ n1n2,
rpn21n
2
2, fq “ rpn
2
1, fq ¨
ź
p∤8df
hppdf, λpq,
where λp “ ordppnq for any prime p and
hppdf, λpq “
pλp`1 ´ 1
p´ 1
´
ˆ
´df
p
˙
pλp ´ 1
p´ 1
.
Clearly, if f does not represent any squares of integers, then f is trivially strongly
s-regular. So, throughout this article, we always assume that a strongly s-regular
ternary form f represents at least one square of an integer. Note that this condition
is equivalent to the condition that f represents one over Q.
For a positive definite ternary form f and an integer n, we define
wpfq “
ÿ
rgsPgenpfq
1
opgq
and rpn, genpfqq “
1
wpfq
ÿ
rgsPgenpfq
rpn, gq
opgq
,
where rgs is the equivalence class containing g in the genus genpfq of f and opfq
is the order of the isometry group Opfq. Then the Minkowski-Siegel formula (see
also Theorem 3.2 of [5]) says that
rpn21n
2
2, genpfqq “ rpn
2
1, genpfqq
ź
p∤8df
hppdf, λpq.
For any ternary form f with class number one, since rpn2, fq “ rpn2, genpfqq for
any integer n, f is strongly s-regular. In the previous article [5], we proved that
every ternary quadratic form in the genus of f is strongly s-regular if and only if
the genus of f is indistinguishable by squares, that is rpn2, f 1q “ rpn2, fq for any
f 1 P genpfq and any integer n. Also, we completely resolved the conjecture given
by Cooper and Lam in [2].
In this article, we prove that every strongly s-regular form represents all squares
that are represented by its genus, and there are only finitely many strongly s-regular
ternary forms up to equivalence if
mspfq “ min
nPZ`
tn : rpn2, fq ‰ 0u
is fixed. Furthermore, we show that there are exactly 207 strongly s-regular ternary
quadratic forms that represent one (see Tables 1 and 2). In the proof of Lemma
3.1 and Theorem 3.2, we extensively use mathematics software MAPLE for large
amount of computation.
The term lattice will always refer to a positive definite Z-lattice on an n-dimensional
positive definite quadratic space overQ. Let L “ Zx1`Zx2`¨ ¨ ¨`Zxn be a Z-lattice
of rank n. We write
L » pBpxi, xjqq.
The right hand side matrix is called a matrix presentation of L. If Bpxi, xjq “ 0
for any i ‰ j, then we write L » xQpx1q, Qpx2q, . . . , Qpxnqy.
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For a ternary Z-lattice L “ Zx1`Zx2`Zx3, the corresponding ternary quadratic
form fL is defined by
fL “
ÿ
1ďi,jď3
Bpxi, xjqxixj .
We always assume that a Z-lattice L is positive definite and non-classic integral.
Recall that a ternary Z-lattice L is non-classic integral if the norm ideal npLq of L
is Z. Hence 4 ¨ dL is an integer. If dL is not an integer, then the Legendre symbol´
dL
p
¯
for an odd prime p is defined as
´
4¨dL
p
¯
. For any odd integer n, we say n
(does not) divides dL if n (does not, respectively) divides the integer 4 ¨ dL.
A binary form ax2 ` bxy ` cy2 will be denoted by ra, b, cs and a ternary form
ax2 ` by2 ` cz2 ` dyz ` ezx` fxy will be denoted by ra, b, c, d, e, f s.
If an integer n is represented by L over Zp for any prime p including infinite prime,
then we say that n is represented by the genus of L, and we write n Ñ genpLq.
When n is represented by the lattice L itself, then we write n Ñ L. We always
assume that ∆p is a non square unit in Z
ˆ
p for any odd prime p.
Any unexplained notations and terminologies can be found in [6] or [7].
2. Strongly s-regular ternary lattices
Let L be a strongly s-regular ternary Z-lattice. Since we are assuming that the
genus of L represents at least one square of an integer, we always have
dpLbQpq ‰ ´1 or SppLbQpq “ p´1,´1qp for any prime p.
Lemma 2.1. Any strongly s-regular ternary Z-lattice L represents all squares of
integers that are represented by its genus.
Proof. Let L be a strongly s-regular ternary Z-lattice. Suppose that there is an
integer a such that a2 is represented by the genus of L, whereas it is not represented
by L itself. Then for any prime p ∤ 8dL, if a “ pt ¨ b for some integer b such that
pb, pq “ 1, then we have
rpp2a2, Lq “ rpb2, Lq
ˆ
pt`2 ´ 1
p´ 1
´
ˆ
´dL
p
˙
pt`1 ´ 1
p´ 1
˙
“ 0.
On the other hand, if we consider the action of the Hecke operator T pp2q to the
theta series given by L for any prime p ∤ 8dL, then we have
rpp2a2, Lq `
ˆ
´dL
p
˙
rpa2, Lq ` p ¨ r
ˆ
a2
p2
, L
˙
“
ÿ
rL1sPgenpLq
r˚ppL1, Lq
opL1q
rpa2, L1q,
where r˚ppL1, Lq is the number of primitive representations of pL1 by L. Since
rpa2, Lq “ r
´
a2
p2
, L
¯
“ 0, we have
rpp2a2, Lq “
ÿ
rL1sPgenpLq
r˚ppL1, Lq
opL1q
rpa2, L1q.
From the assumption, there is a Z-lattice L1 P genpLq such that rpa2, L1q ‰ 0.
Furthermore, by Class Linkage Theorem given by [3], there is a prime q ∤ 8dL such
that r˚pqL1, Lq ‰ 0. These imply that rpq2a2, Lq ‰ 0, which is a contradiction. 
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Corollary 2.2. Let L be a strongly s-regular ternary Z-lattice. Then every integer
m such that m2 is represented by L is a multiple of mspLq “ mspfLq.
Proof. The corollary follows directly from the fact that for any prime p, ordppmspLqq
is completely determined by Lp by Lemma 2.1. 
Let L be a ternary Z-lattice. For any prime p, the λp-transformation (or Watson
transformation) is defined as follows:
ΛppLq “ tx P L : Qpx` zq ” Qpzq pmod pq for all z P Lu.
Let λppLq be the non-classic integral lattice obtained from ΛppLq by scaling V “
LbQ by a suitable rational number. For a positive integer N “ pe11 p
e2
2 ¨ ¨ ¨ p
ek
k , we
also define
λN pLq “
kź
i“1
λeipipLq.
Note that λppλqpLqq “ λqpλppLqq for any primes p ‰ q.
Lemma 2.3. Let L be a ternary Z-lattice and let p be an odd prime. If the uni-
modular component in a Jordan decomposition of Lp is anisotropic, then
rppn, Lq “ rppn,ΛppLqq.
Proof. See [1]. 
Proposition 2.4. Let q be an odd prime and let L be a ternary Z-lattice such that
Lq does not represent 1. Assume that Lq » x∆q, q
αǫ1, q
βǫ2y for ǫ1, ǫ2 P Z
ˆ
q .
(i) If β ě α ě 2, then L is strongly s-regular if and only if λqpLq is strongly
s-regular. Furthermore, if one of them is true, then mspLq “ q ¨mspλqpLqq.
(ii) If α “ 1 and β ě 2, then L is strongly s-regular if and only if λ2qpLq
is strongly s-regular. Furthermore, if one of them is true, then mspLq “
q ¨mspλ
2
qpLqq.
Proof. Since the proof is quite similar to each other, we only provide the proof of
the case when β ě α ě 2. For any positive integer n, let n1 and n2 be positive
integers such that P pn1q Ă P p8dLq, pn2, 8dLq “ 1 and n “ n1n2, where P pnq is
the set of primes dividing n. Suppose that L is strongly s-regular. Then we have
rpq2n21n
2
2, Lq “ rpq
2n21, Lq
ź
p∤8dL
hppdL, λpq,
where λp and hppdL, λpq are defined in the introduction. Since rpq
2n21n
2
2, Lq “
rpn21n
2
2, λqpLqq and rpq
2n21, Lq “ rpn
2
1, λqpLqq by Lemma 2.3, we have
rpn21n
2
2, λqpLqq “ rpn
2
1, λqpLqq
ź
p∤8dL
hppLp, λpq,
which implies that λqpLq is strongly s-regular.
Conversely, Suppose that λqpLq is strongly s-regular. Then we have
rpn21n
2
2, λqpLqq “ rpn
2
1, λqpLqq
ź
p∤8dL
hppLp, λpq.
THE NUMBER OF REPRESENTATIONS OF SQUARES 5
Hence if ordqpn1q ě 1, then
rpn21n
2
2, Lq “ rpn
2
1, Lq
ź
p∤8dL
hppLp, λpq.
Note that if ordqpn1q “ 0, then rpn
2
1n
2
2, Lq “ rpn
2
1, Lq “ 0. Therefore L is a strongly
s-regular lattice.
Now assume that L or λqpLq is strongly s-regular. Since 1 is not represented by
Lq, mspLq is divisible by q. Furthermore, since rpq
2n, Lq “ rpn, λqpLqq by Lemma
2.3, we have mspLq “ q ¨mspλqpLqq. 
Proposition 2.5. Let L be a ternary Z-lattice such that L2 does not represent 1.
Assume that L2 » xǫ1y KM for ǫ1 P Z
ˆ
2 .
(i) If M is an improper modular lattice with norm contained in 4Z2 or M »
x2αǫ2, 2
βǫ3y for ǫ2, ǫ3 P Z
ˆ
2 and nonnegative integers α, β such that β ě
α ě 2, then L is strongly s-regular if and only if λ2pLq is strongly s-regular.
Furthermore, if one of them is true, then mspLq “ 2 ¨mspλ2pLqq.
(ii) If M » x2αǫ2, 2
βǫ3y with ǫ2, ǫ3 P Z
ˆ
2 and nonnegative integers α, β pβ ě αq
such that 0 ď α ď 1, then L is strongly s-regular if and only if λ22pLq
is strongly s-regular. Furthermore, if one of them is true, then mspLq “
2 ¨mspλ
2
2pLqq.
Proof. Since the proof is quite similar to the odd case, the proof is left to the
readers. 
Theorem 2.6. Let L be a strongly s-regular ternary Z-lattice. Then there is a
positive integer N such that
(1) λN pLq is a strongly s-regular lattice such that mspλN pLqq is odd square free;
(2) for any prime p dividing mspλN pLqq, λN pLqp » x∆p, p,´py.
Proof. By Propositions 2.4 and 2.5, if p2 divides mspLq for some prime p, then
λppLq or λ
2
ppLq is also strongly s-regular. Hence by taking λp-transformations to
L repeatedly, if needed, we may find an integer n such that λnpLq is a strongly
s-regular lattice such that mspλnpLqq is odd square free. If mspλnpLqq is one, then
there is nothing to prove. Assume that mspλnpLqq “ p1p2 ¨ ¨ ¨ pt where pi ‰ pj are
primes. Assume that p “ pi for some i “ 1, 2, . . . , t. Then 1 is not represented by
λnpLqp by Lemma 2.1. Hence by Proposition 2.4, either λ
ι
ppλnpLqq is a strongly
s-regular lattice such that
p ¨mspλ
ι
ppλnpLqqq “ mspλnpLqq and 1Ñpλ
ι
ppλnpLqqqp,
where ι “ 1 or 2 depending on the structure of pλnpLqqp, or
(2.1) Lp » x∆p, p,´py.
If n1 is the product of primes satisfying the first condition, then N “ n ¨n1 satisfies
all conditions given in the statement of the theorem. 
Definition 2.7. A strongly s-regular ternary Z-lattice is called terminal if mspLq
is an odd square free integer, and for any prime p dividing mspLq, Lp satisfies the
above condition (2.1).
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Note that for any strongly s-regular lattice L, there is an integer N such that
λN pLq is a terminal strongly s-regular lattice by Theorem 2.6. Therefore, to classify
all strongly s-regular lattices, in some sense, it suffices to find all terminal strongly
s-regular lattices.
Remark 2.8. In fact, there are infinitely many terminal strongly s-regular ternary
Z-lattices. To show this, let q be a prime such that q ” 5 pmod 8q. We prove that
the diagonal ternary lattice Lpqq “ x2, q, qy is a terminal strongly s-regular Z-lattice
for any prime q satisfying the above condition.
If n is not divisible by q, then rpn2, Lpqqq “ 0. Furthermore
rpq2n2, Lpqqq “ rpqn2, λqpLpqqqq,
where λqpLpqqq “ x1, 1, 2qy. Let λqpLpqqq “ Zx1`Zx2`Zx3 such that pBpxi, xjqq “
diagp1, 1, 2qq. Let u be an integer such that u2 ” ´1 pmod qq. Let z “ ax1` bx2`
cx3 P λqpLpqqq such that Qpzq “ qn
2. Then, since
Qpzq “ a2 ` b2 ` 2qc2 ” a2 ´ u2b2 ” pa´ ubqpa` ubq ” 0 pmod qq,
z P Lpq,`q :“ Zpqx1q ` Zpux1 ` x2q ` Zx3 or z P Lpq,´q :“ Zpqx1q ` Zp´ux1 `
x2q ` Zx3. Note that Lpq,`q X Lpq,´q “ Zpqx1q ` Zpqx2q ` Zx3. Furthermore,
dpLpq,˘qq “ 2q3 and the scale of each lattice is qZ. Hence, we have
(2.2) rpq2n2, Lpqqq “ rpqn2, λqpLpqqqq “ 2rpn
2, x1, 1, 2yq ´ rpn2, Lpqqq.
Therefore if we use an induction on ordqpnq, the assertion follows directly from the
fact that x1, 1, 2y is strongly s-regular. Furthermore, since every Z-lattice in the
genus of Lpqq satisfies the equation (2.2), the genus of Lpqq is indistinguishable by
squares.
Theorem 2.9. For any positive integer m, there are only finitely many strongly
s-regular ternary Z-lattices L with mspLq “ m.
Proof. Let L be a strongly s-regular ternary Z-lattice with mspLq “ m. Since
for any ternary lattice K and any prime p, there are only finitely many lattices
whose λp-transformation is isometric to K, it suffices to show that there are only
finitely many terminal strongly s-regular lattice L such that mspLq “ m under the
assumption that m “ q1q2 ¨ ¨ ¨ qs is an odd square free integer. When m “ 1, then
we let s “ 0.
Let tx1, x2, x3u be a Minkowski reduced basis for L such that
pBpxi, xjqq »
¨
˝a f ef b d
e d c
˛
‚ p0 ď a ď b ď c and 2|f | ď a, 2|e| ď a, 2|d| ď bq.
Recall that a, b, c, 2d, 2e, 2f are relatively prime integers and L “ ra, b, c, 2d, 2e, 2f s.
Let pt be the t-th smallest odd prime so that p1 “ 3, p2 “ 5 and so on. Define
t1 “ mintt P N | 4m6p4t ă p1 ¨ ¨ ¨ pt´1u.
Note that such an integer always exists by Bertrand-Chebyshev Theorem. Let t2
be the smallest integer such that 2pt2 ą 6 ¨ 3
s`1 and t0 “ maxtt
1, t2u. Finally, let
t1 be the integer such that p1p2 ¨ ¨ ¨ pt1´1 | dL, but pt1 ∤ dL.
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First, assume that t1 ě t0. Then
4m6p4t1 ă p1p2 ¨ ¨ ¨ pt1´1 ă 4dL ď 4abc ď 4ac
2 ď 4m2c2.
Hence m2p2t1 ă c and we have
rpm2p2t1 , Lq “ r
ˆ
m2p2t1 ,
ˆ
a f
f b
˙˙
ď 6 ¨ 3s`1.
However, since pt1 ∤ 8mdL, we have
rpm2p2t1 , Lq “ rpm
2, Lq
ˆ
pt1 ` 1´
ˆ
´dL
pt1
˙˙
ě 2pt1 ě 2pt2 ą 6 ¨ 3
s`1.
This is a contradiction.
Finally, assume that t1 ă t0. Choose a positive integer λ0 such that p
λ0
t1
ą
3s`1p2λ0 ` 1q. If c ą m
2p2λ0t1 , then
rpm2p2λ0t1 , Lq “ r
ˆ
m2p2λ0t1 ,
ˆ
a f
f b
˙˙
ď 6 ¨ 3sp2λ0 ` 1q.
This is a contradiction for
rpm2p2λ0t1 , Lq “ rpm
2, Lq
˜
pλ0`1t1 ´ 1
pt1 ´ 1
´
ˆ
´dL
pt1
˙
pλ0t1 ´ 1
pt1 ´ 1
¸
ě 2pλ0t1 .
Therefore we have c ď m2p2λ0t1 , which implies that the discriminant of L is bounded
by a constant depending only on m. This completes the proof. 
3. Strongly s-regular ternary lattices representing one
The aim of this section is to find all strongly s-regular ternary lattices L with
mspLq “ 1. Recall that we are assuming that the norm npLq of a Z-lattice L is Z.
Hence the scale spLq of L is Z or 1
2
Z.
Lemma 3.1. Let L be a strongly s-regular ternary Z-lattice with mspLq “ 1. If
spLq “ Z (spLq “ 1
2
Z), then dL is not divisible by at least one prime in t3, 5, 7u
(t3, 5, 7, 11u, respectively).
Proof. Let L be a strongly s-regular ternary Z-lattice with mspLq “ 1. First,
assume that spLq “ 1
2
Z. Let tx1, x2, x3u be a Minkowski reduced basis for L such
that
pBpxi, xjqq »
¨
˝1 e de a c
d c b
˛
‚ p1 ď a ď b and 0 ď 2e ď 1, ´1 ď 2d ď 1, 0 ď 2c ď aq,
where a, b, 2c, 2d, 2e are all integers and at least one of 2c, 2d and 2e is odd. Let
pt be the t-th smallest odd prime. Suppose, on the contrary, that p1p2 ¨ ¨ ¨ pt | dL,
whereas pt`1 ∤ dL for some t ě 4.
First, assume that t “ 4. Since 3 ¨ 5 ¨ 7 ¨ 11 | dL and 13 ∤ dL by assumption, we
have
(3.1) rp132, Lq “ rp1, Lq
ˆ
13` 1´
ˆ
´dL
13
˙˙
ě 26.
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If b ě 132 ` 1, then rp132, Lq “ rp132, r1, 2e, asq ď 18. This is a contradiction and
hence we have 1 ď a ď b ď 169. For all possible finite cases, we may check by direct
computations that there are no ternary Z-lattice satisfying the equation (3.1). The
case when t “ 5 or 6 can be dealt with similar manner to this.
Finally, assume that t ě 7. Since pt`1 ∤ dL, we have
rpp2t`1, Lq “ rp1, Lq
ˆ
pt`1 ` 1´
ˆ
´dL
pt`1
˙˙
ě 46.
If t ě 7, then 4p4t`1 ă p1 ¨ ¨ ¨ pt ď 4dL ď 4ab ď 4b
2 by Bertrand-Chebyshev Theo-
rem. Hence we have p2t`1 ă b. Therefore we have
rpp2t`1, Lq “ rpp
2
t`1, r1, 2e, asq ď 18,
for any positive integer a. This is a contradiction.
Since the proof of the case when spLq “ Z is quite similar to the above, the proof
are left to the readers. 
Theorem 3.2. There are exactly 207 strongly s-regular ternary Z-lattices L with
mspLq “ 1, which are listed in Tables 1 and 2.
Proof. Every strongly s-regular ternary lattices representing 1 is listed in Tables 1
and 2. In Table 1, all ternary lattices except those with dagger mark and x1y K
r4, 4, 9s, x1y K r4, 4, 25s are class number one. Hence they are strongly s-regular.
There are exactly 12 ternary lattices in Table 1 whose class number is 2. The
strongly s-regularities of all these lattices with dagger mark were already proved
in [5]. Finally, both x1y K r4, 4, 9s and x1y K r4, 4, 25s highlighted in boldface have
class number 3, and the strongly s-regularities of these two lattices will be proved
in Proposition 4.5.
There are exactly 30 strongly s-regular lattices L such that spLq “ 1
2
Z and
hpLq “ 2, which are listed in Table 2. In fact, the Z-lattice Si in Table 2 has class
number two and the other lattice in the genus is Ti, for any 1 ď i ď 15. The
strongly s-regularities of these lattices will be considered in Proposition 4.3. Those
lattices highlighted in boldface in Table 2 has class number 3, and the proof of the
strongly s-regularities of these lattices will be given in Proposition 4.8.
Let L be a strongly s-regular ternary Z-lattice. First, assume that spLq “ Z.
Then L “ x1y K ℓ, for some binary lattice ℓ such that
ℓ “ ra, 2b, cs “
ˆ
a b
b c
˙
p0 ď 2b ď a ď cq.
From the above theorem, the discriminant of L, which is ac´ b2, is not divisible by
at least one prime in t3, 5, 7u. We will use the fact that if p ∤ 2dL, then
rpp2t, Lq “ rp1, Lq
ˆ
pt`1 ´ 1
p´ 1
´
ˆ
´dL
p
˙
pt ´ 1
p´ 1
˙
.
Assume that L » x1y K r1, 0, ss for some positive integer s. If 3 ∤ s, then
rp9, Lq “ rp1, Lq ¨
ˆ
4´
ˆ
´dL
3
˙˙
ě 12.
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Hence s “ 1, 2, 4, 5 or 8. Assume that s “ 3s1, for some integer s1 such that 5 ∤ s1.
Since rp25, Lq ą rp25, r1, 0, 1sq “ 12, we have 3s1 ď 25. Therefore s1 “ 1, 2, 3, 4, 7
or 8. Assume that s “ 15s2 for some integer s2 such that 7 ∤ s2. One may apply
similar argument to show that there does not exist a strongly s-regular lattice in
this case.
From now on, we assume that rp1, Lq “ 2, that is, a ě 2. Assume that 3 ∤ dL.
Then we have rp32, Lq “ 6 or 10, and rp34, Lq “ 18 or 34. Hence we have 2 ď a ď 9.
If a “ 9, then c “ 9. In this case, one may easily show that
r
ˆ
34, x1y K
ˆ
9 b
b 9
˙˙
‰ 18, 34,
which is a contradiction. Next assume that a “ 8. If c ě 10, then
rp32, Lq “ rp32, r1, 0, 8sq “ 6 “ 2
ˆ
4´
ˆ
´dL
3
˙˙
.
Hence
`
´dL
3
˘
“ 1, which implies that rp34, Lq “ 18. If c ě 82, then rp34, Lq “
rp34, r1, 0, 8sq “ 10, which is a contradiction. Therefore we have 8 ď c ď 81. For
all possible finite cases, one may easily check only when ℓ is isometric to one of
r8, 0, 8s, r8, 0, 10s:, r8, 0, 13s:, r8, 0, 16s, r8, 0, 40s,
r8, 4, 18s:, r8, 8, 12s, r8, 8, 24s and r8, 8, 72s,
L “ x1y K ℓ is strongly s-regular. Note that the class number of L is one if ℓ is
isometric to one of binary lattices given above, except binary lattices with dagger
mark. When ℓ is isometric to one of binary lattices with dagger mark, the proof
of the strongly s-regularity of L is proved in [5]. The proof of the remaining cases,
that is 2 ď a ď 7, is quite similar to this. In particular, the case when ℓ “ r4, 4, 9s,
where the class number of L “ x1y K ℓ is 3 in this case, will be considered in
Proposition 4.5.
Assume that dL is divisible by 3, but is not divisible by 5. In this case, we have
rp52, Lq “ 10 or 14, and rp54, Lq “ 50 or 74. Since rpp2, r1, 0, asq ď 6 for any prime
p and any integer a ě 2, we have 2 ď a ď c ď 25. For all possible cases, one
may easily show that L is strongly s-regular if and only if the class number of L is
one, except the case when ℓ “ r4, 4, 25s. For the exceptional case, the proof of the
strongly s-regularity of L will be given in Proposition 4.5.
Finally, assume that 15 | dL and 7 ∤ dL. For all possible cases, L is strongly
s-regular if and only if the class number of L is one.
Now assume that spLq “ 1
2
Z. Let tx1, x2, x3u be a Minkowski reduced basis for
L such that
pBpxi, xjqq »
¨
˝1 e de a c
d c b
˛
‚“ r1, a, b, 2c, 2d, 2es,
where a, b, 2c, 2d, 2e are integers such that 1 ď a ď b and 0 ď 2e ď 1, ´1 ď 2d ď 1,
0 ď 2c ď a. Note that at least one of 2c, 2d, 2e is odd. In this case, the discriminant
of L is not divisible by at least one prime in t3, 5, 7, 11u by the above theorem.
Assume that a “ 1 and b “ 1. Then clearly, L » r1, 1, 1, 0, 0, 1s or r1, 1, 1, 1, 1, 1s,
all of which are strongly s-regular. Next, assume that a “ 1, e “ 0 and b ě 2. Let
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p P t3, 5, 7, 11u be a prime not dividing dL. Since rpp2, Lq “ 4p or 4pp ` 2q and
rp52, r1, 0, 1sq “ 12, rpp2, r1, 0, 1sq “ 4 for any p P t3, 7, 11u, we have 2 ď b ď p2.
One may easily show that there are exactly 6 strongly s-regular lattices in this case,
all of which have class number 1.
Next assume that a “ 1, 2e “ 1 and b ě 2. In this case, since rp1, Lq “ 6,
we have rpp2, Lq “ 6p or 6pp ` 2q. Furthermore, since rp72, r1, 1, 1sq “ 18 and
rpp2, r1, 1, 1sq “ 6 for any p P t3, 5, 11u, we have 2 ď b ď p2. One may easily show
that there are exactly 12 strongly s-regular lattices in this case, all of which have
class number 1.
From now on, we assume that rp1, Lq “ 2, that is, a ě 2. Assume further
that 3 ∤ dL. Since rp32, Lq “ 6 or 10, we have 2 ď a ď 9. Furthermore, since
rp34, Lq “ 18 or 34, and rp32n, r1, 2e, asq ď 2p2n` 1q for any positive integer n, we
have #
2 ď a ď b ď 9 if rp9, r1, 2e, asq ă 6,
2 ď a ď b ď 81 if rp9, r1, 2e, asq “ 6.
In this case, we have 30 candidates of strongly s-regular lattices as in the first
row of Table 2. Among them, there are exactly 18 lattices having class number
1. Remaining 12 lattices T1 „ T6 and S1 „ S6 in the first row of Table 2 has
class number 2. The proof of the strongly s-regularities of these lattices will be
considered in Proposition 4.3.
Next assume that 3 | dL and 5 ∤ dL. Since rp52, Lq “ 10 or 14, and
rp52, r1, 2e, asq ď 6 ă 10,
we have 2 ď a ď b ď 25. In this case, we have twenty two candidates with
class number 1, twelve lattices with class number 2, and three lattices with class
number 3. The proof of the strongly s-regularities of these lattices having class
number 2 (class number 3) will be considered in Proposition 4.3 (Proposition 4.8,
respectively). Recall that all lattices highlighted in boldface in Tables 1 and 2 have
class number 3.
Now assume that dL is divisible by 15, but not divisible by 7. In this case, we
have 2 ď a ď b ď 49. Everything is quite similar to the above cases. In this case,
we have twelve candidates with class number 1, two lattices with class number 2,
and one lattice with class number 3.
Finally, assume that 105 | dL and 11 ∤ dL. In this case, L is isometric to one of
4 lattices listed in fourth line of Table 2. The proof of the strongly s-regularities of
these 4 ternary lattices will be considered in Proposition 4.3. 
4. Non trivial strongly s-regular ternary lattices
In this section, we prove the strongly s-regularities of ternary lattices with class
number greater than 1 in Tables 1 and 2.
Lemma 4.1. Let L be a ternary Z-lattice. For any L1 P genpLq, if rpn2, Lq “
rpn2, L1q for any integer n whose prime factor divides 8dL, then the genus of L is
indistinguishable by squares.
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3 ∤ dL
r1, 0, 1s, r1, 0, 2s, r1, 0, 4s, r1, 0, 5s, r1, 0, 8s, r2, 0, 2s,
r2, 2, 3s, r2, 0, 4s, r2, 0, 5s, r2, 2, 6s, r2, 0, 8s, r2, 0, 10s,
r2, 0, 13s:, r2, 0, 16s, r2, 2, 18s, r2, 0, 22s:, r2, 2, 33s:, r2, 0, 40s:,
r2, 0, 70s:, r3, 2, 3s, r3, 2, 5s, r3, 2, 7s, r4, 0, 4s, r4, 4, 5s,
r4, 0, 8s, r4, 4, 8s, [4,4,9], r5, 0, 5s, r5, 4, 6s:, r5, 0, 8s,
(47) r5, 0, 10s, r5, 4, 12s, r5, 0, 13s:, r5, 2, 21s:, r5, 0, 25s, r5, 0, 40s,
r6, 4, 6s, r6, 4, 8s:, r8, 0, 8s, r8, 0, 10s:, r8, 8, 12s, r8, 0, 13s:,
r8, 0, 16s, r8, 4, 18s:, r8, 8, 24s, r8, 0, 40s, r8, 8, 72s
3 | dL, 5 ∤ dL
r1, 0, 3s, r1, 0, 6s, r1, 0, 9s, r1, 0, 12s, r1, 0, 21s, r1, 0, 24s,
r2, 2, 2s, r2, 0, 3s, r2, 2, 5s, r2, 0, 6s, r3, 0, 3s, r3, 0, 4s,
r3, 0, 6s, r3, 0, 9s, r3, 0, 12s, r3, 0, 18s, r4, 4, 4s, r4, 0, 6s,
r4, 4, 7s, r4, 0, 12s, r4, 4, 13s, r4, 0, 24s, [4,4,25], r5, 2, 5s,
r6, 0, 6s, r6, 6, 6s, r6, 0, 9s, r6, 0, 16s, r6, 0, 18s, r6, 6, 21s,
(45) r6, 0, 24s, r8, 8, 8s, r9, 0, 9s, r9, 6, 9s, r9, 0, 12s, r9, 0, 21s,
r9, 0, 24s, r10, 4, 10s,r12, 0, 12s, r12, 12, 21s, r16, 16, 16s,
r16, 0, 24s, r21, 0, 21s, r24, 0, 24s, r24, 24, 24s
15 | dL, 7 ∤ dL
r3, 0, 10s, r3, 0, 30s, r4, 4, 16s, r6, 6, 9s, r10, 10, 10s, r10, 0, 30s,
r12, 12, 13s, r12, 12, 33s, r40, 40, 40s
(9)
Table 1. Strongly s-regular lattices L “ x1y K ℓ
Proof. See Lemma 2.5 of [5]. 
Let L be a ternary Z-lattice. Assume that the 1
2
Zp-modular component in a
Jordan decomposition of Lp is nonzero isotropic. Assume that p is a prime dividing
4dL. Then by Weak Approximation Theorem, there exists a basis tx1, x2, x3u for
L such that
pBpxi, xjqq ”
ˆ
0 1
2
1
2
0
˙
K xpordpp4dLqδy pmod pordpp4dLq`1q,
where δ is an integer not divisible by p. We define
Γp,1pLq “ Zpx1 ` Zx2 ` Zx3 and Γp,2pLq “ Zx1 ` Zpx2 ` Zx3.
Note that the lattice Γp,ipLq depends on the choice of basis for L. However the
set tΓp,1pLq,Γp,2pLqu is independent of the choices of the basis for L. There are
exactly two sublattices of L with index p whose norm is contained in pZ. They are,
in fact, Γp,1pLq and Γp,2pLq. For some properties of these sublattices of L, see [4].
Lemma 4.2. Under the same assumptions given above, we have
rppn, Lq “ rppn,Γp,1pLqq ` rppn,Γp,2pLqq ´ rppn,ΛppLqq.
Proof. See Proposition 4.1 of [4]. 
Proposition 4.3. For any i p1 ď i ď 15q, the genus genpSiq is indistinguishable
by squares. Therefore Si and Ti are strongly s-regular for any 1 ď i ď 15.
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L
3 ∤ dL
r1, 1, 1, 1, 1, 1s, r1, 1, 2, 0, 1, 0s, r1, 1, 2, 1, 1, 1s,
r1, 1, 3, 1, 1, 0s, r1, 1, 3, 1, 1, 1s, r1, 1, 5, 1, 1, 1s,
r1, 1, 7, 1, 1, 1s, r1, 2, 2, 1, 1, 0s, r1, 2, 2, 2, 1, 1s,
r1, 2, 3, 0, 1, 0s, r1, 2, 3, 1, 0, 1s, T1“r1, 2, 4, 1, 1, 1s,
S1“r1, 2, 4, 2, 1, 0s, r1, 2, 7, 0, 0, 1s, r1, 2, 9, 0, 1, 0s,
S2“r1, 2, 23, 0, 1, 0s, r1, 3, 3, 2, 1, 1s, r1, 3, 4, 2, 0, 1s,
r1, 3, 5, 1, 1, 1s, r1, 3, 5, 3, 1, 1s, S3“r1, 3, 9, 2, 1, 1s,
(37) S4“r1, 3, 10, 0, 0, 1s, T2“r1, 3, 17, 2, 1, 1s, r1, 3, 22, 0, 0, 1s,
r1, 4, 4, 3, 1, 1s, r1, 4, 9, 3, 1, 1s, T3“r1, 5, 5, 1, 1, 0s,
T4“r1, 5, 6, 2, 0, 1s, S5“r1, 5, 19, 5, 1, 0s, S6“r1, 5, 49, 5, 1, 0s,
r1, 7, 9, 7, 1, 0s, r1, 9, 9, 8, 1, 1s, T5“r1, 9, 10, 0, 0, 1s,
r1, 9, 15, 5, 0, 1s, r1, 9, 21, 7, 0, 1s, T6“r1, 9, 29, 8, 1, 1s,
r1, 9, 70, 0, 0, 1s
3 | dL, 5 ∤ dL
r1, 1, 1, 0, 0, 1s, r1, 1, 2, 0, 0, 1s, r1, 1, 2, 1, 1, 0s,
r1, 1, 3, 0, 0, 1s, r1, 1, 4, 0, 0, 1s, r1, 1, 5, 1, 1, 0s,
r1, 1, 6, 0, 0, 1s, r1, 1, 11, 1, 1, 0s, r1, 1, 12, 0, 0, 1s,
r1, 1, 18, 0, 0, 1s, r1, 2, 2, 1, 1, 1s, r1, 2, 3, 1, 1, 0s,
r1, 2, 3, 2, 1, 0s, r1, 2, 4, 2, 1, 1s, r1, 2, 5, 1, 1, 1s,
S7“r1, 2, 7, 0, 1, 0s, S8“r1, 2, 9, 2, 1, 0s, S9“r1, 2, 10, 1, 0, 1s,
r1, 3, 4, 3, 1, 0s, T7“r1, 3, 5, 1, 0, 1s, T8“r1, 3, 6, 0, 0, 1s,
L1“ [1,3,7,0,1,0], r1, 3, 8, 2, 0, 1s, r1, 4, 4, 2, 1, 1s,
r1, 4, 5, 2, 1, 0s, T9“r1, 4, 5, 2, 1, 1s, r1, 4, 6, 3, 0, 1s,
(47) r1, 4, 11, 2, 1, 0s, r1, 4, 13, 2, 1, 1s, r1, 5, 5, 4, 1, 1s,
r1, 5, 7, 1, 0, 1s, r1, 5, 7, 2, 1, 1s, S10“r1, 5, 13, 5, 1, 1s,
S11“r1, 5, 15, 3, 0, 1s, r1, 6, 7, 0, 1, 0s, T10“r1, 6, 11, 6, 1, 0s,
S12“r1, 6, 25, 0, 1, 0s, r1, 7, 7, 5, 1, 1s, T11“r1, 7, 11, 5, 1, 0s,
L4“ [1,7,12,0,0,1], r1, 7, 13, 5, 1, 1s, r1, 7, 18, 0, 0, 1s,
M6“ [1,7,19,5,1,1], r1, 9, 13, 9, 1, 0s, T12“r1, 13, 13, 8, 1, 1s,
r1, 13, 15, 3, 0, 1s, r1, 13, 23, 13, 1, 0s
15 | dL, 7 ∤ dL
r1, 1, 4, 0, 1, 0s r1, 1, 10, 0, 0, 1s, r1, 1, 30, 0, 0, 1s,
r1, 2, 7, 2, 1, 1s, r1, 3, 3, 1, 1, 1s, r1, 4, 5, 4, 1, 0s,
r1.4.15, 0, 0, 1s, r1, 5, 9, 5, 1, 0s, r1, 6, 13, 6, 1, 0s,
r1, 7, 7, 3, 1, 0s, S13“r1, 7, 10, 0, 0, 1s, T13“r1, 7, 11, 5, 1, 1s,
(18) L10“ [1,7,30,0,0,1], r1, 7, 31, 5, 1, 1s, r1, 10, 19, 0, 1, 0s,
r1, 15, 19, 15, 1, 0s, r1, 19, 19, 8, 1, 1s, r1, 19, 30, 0, 0, 1s
105 | dL, 11 ∤ dL S14“r1, 2, 15, 0, 0, 1s, T14“r1, 4, 7, 0, 0, 1s,
(4) S15“r1, 7, 17, 7, 1, 0s, T15“r1, 11, 11, 7, 1, 1s
Table 2. Strongly s-regular lattices L with spLq “ 1
2
Z
Proof. Since proofs are quite similar to each other, we only provide the proofs of
the cases when i “ 1, 3, 13, 14 and 15 as representatives. We put
P1 “ r2, 4, 4, 2, 2, 0s, P2 “ r47, 47, 47, 0, 47, 47s, P3 “ r1, 1, 10, 0, 0, 1s,
Q “ r4, 8, 16, 2, 4, 4s, S14,1 “ r1, 2, 60, 0, 0, 1s, S14,2 “ r2, 4, 60, 0, 0, 2s,
S14,3 “ r2, 4, 15, 0, 0, 2s, T14,1 “ r1, 4, 28, 0, 0, 1s, T14,2 “ r4, 4, 28, 0, 0, 2s,
T14,3 “ r4, 4, 7, 0, 0, 2s.
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First, we consider the case when i “ 1. By Lemma 2.3, we see that rp132n2, S1q “
rpn2, S1q and rp13
2n2, T1q “ rpn
2, T1q for any integer n. Also by Lemma 4.2, we
have
rp4n2, S1q “ 2rp4n
2, P1q ´ rpn
2, S1q and rp4n
2, T1q “ 2rp4n
2, P1q ´ rpn
2, T1q,
for any integer n. Since rp1, S1q “ rp1, T1q, genpS1q is indistinguishable by squares
by Lemma 4.1.
We consider the case when i “ 3. Note that dpS3q “ 2
´1 ¨ 47. By Lemma 4.2,
we have
rp472n2, S3q “ 2rp47
2n2, P2q ´ rpn
2, S3q, rp47
2n2, T3q “ 2rp47
2n2, P2q ´ rpn
2, T3q,
for any integer n. If x2` 3y2` 9z2` xy` 2yz` zx “ 4n2, then x, y, z are all even.
Hence we have
rp4n2, S3q “ rpn
2, S3q and rp4n
2, T3q “ rpn
2, T3q.
Therefore genpS3q is indistinguishable by squares by Lemma 4.1.
Note that dpS13q “ 2
´1 ¨ 33 ¨ 5. By Lemma 2.3, we have rp32n2, S13q “ rpn
2, P3q,
rp52n2, S13q “ rpn
2, S13q and rp3
2n2, T13q “ rpn
2, P3q, rp5
2n2, T13q “ rpn
2, T13q for
any integer n. If x2 ` 7y2 ` 10z2 ` xy “ 4n2, then x, y, z are all even. Hence we
have
rp4n2, S13q “ rpn
2, S13q and rp4n
2, T13q “ rpn
2, T13q.
Therefore the genus genpS13q is indistinguishable by squares by Lemma 4.1.
Now, we consider the Z-lattice S14, which is one of the most difficult cases. Note
that dpS14q “ 2
´2 ¨ 3 ¨ 5 ¨ 7. By Lemma 2.3, we have
rpp2n2, S14q “ rpn
2, S14q and rpp
2n2, T14q “ rpn
2, T14q,
for any prime p P t3, 5, 7u. Let tx1, x2, x3u be the basis for S14 such that Qpax1 `
bx2 ` cx3q “ a
2 ` ab ` 2b2 ` 15c2. Assume that Qpax1 ` bx2 ` cx3q “ 4n
2. Then
we have a ” c pmod 2q, b ” 0 pmod 2q or c ” 0 pmod 2q. This implies that for
z “ ax1 ` bx2 ` cx3,
z P Zp2x1q ` Zp2x2q ` Zpx1 ` x3q or z P Zpx1q ` Zpx2q ` Zp2x3q.
Therefore we have, for any integer n,
rp4n2, S14q “ rp4n
2, Qq ` rp4n2, S14,1q ´ rpn
2, S14q.
Similarly, we also have
rp4n2, T14q “ rp4n
2, Qq ` rp4n2, T14,1q ´ rpn
2, T14q.
Furthermore, one may easily show that
rp4n2, S14,1q “ 2rp4n
2, S14,2q ´ rpn
2, S14q,
rp4n2, T14,1q “ 2rp4n
2, T14,2q ´ rpn
2, T14q,
and
(4.1)
rp4n2, S14,3q “ rp4n
2, S14,2q “ 2rpn
2, S14q ´ rpn
2, S14,3q,
rp4n2, T14,3q “ rp4n
2, T14,2q “ 2rpn
2, T14q ´ rpn
2, T14,3q.
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By combining all equalities given above, we have
(4.2)
rp4n2, S14q “ rp4n
2, Qq ` 2rpn2, S14q ´ 2rpn
2, S14,3q,
rp4n2, T14q “ rp4n
2, Qq ` 2rpn2, T14q ´ 2rpn
2, T14,3q.
Since rp1, S14q “ rp1, T14q “ 2 and rp1, S14,3q “ rp1, T14,3q “ 0, we have rp2
2t, S14q “
rp22t, T14q for any positive integer t by (4.1) and (4.2). Therefore the genus of S14
is indistinguishable by squares by Lemma 4.1, and rpn2, S14,3q “ rpn
2, T14,3q for
any integer n. Note that the class number of S14,3 is 3. In fact, the proof of the
strongly s-regularities of S9 is quite similar to this.
Finally by Lemma 2.3, we have
rpp2n2, S15q “ rpn
2, S15q and rpp
2n2, T15q “ rpn
2, T15q
for any prime p P t3, 5, 7u. Let ty1, y2, y3u be the basis for S15 such that Qpay1 `
by2 ` cy3q “ a
2 ` 7b2 ` 17c2 ` 7bc ` ca. Assume that Qpay1 ` by2 ` cy3q “ 4n
2.
Then we have a ” b pmod 2q and c ” 0 pmod 2q. Therefore we have
rp4n2, S15q “ rp4n
2,Zp2y1q ` Zpy1 ` y2q ` Zp2y3qq,
which implies that for any integer n,
rp4n2, S15q “ rpn
2, S14q.
Similarly, we also have
rp4n2, T15q “ rpn
2, T14q.
Therefore genpS15q is indistinguishable by squares by Lemma 4.1. 
Now we consider the lattices having class number 3. We define
K1,t “ x1y K
ˆ
4 2
2 233t ` 1
˙
, K2,t “ x1, 1, 2
53ty, K3,t “
¨
˝2 0 10 2 1
1 1 233t ` 1
˛
‚,
for any non negative integer t.
Lemma 4.4. For any non negative integer t, ternary Z-lattices K1,t,K2,t and K3,t
are in the same genus. Furthermore, we have
2rpn2,K1,tq “ rpn
2,K2,tq ` rpn
2,K3,tq,
for any integer n.
Proof. Note that dpKi,tq “ 2
5 ¨ 3t for any i “ 1, 2, 3. By checking local structures
at p “ 2 and 3, one may easily show that all ternary Z-lattices K1,t,K2,t and K3,t
are in the same genus for any integer t ě 0. Fix a non negative integer t.
Note that for any integer n, one may easily show that
rp4n2,K1,tq “ rp4n
2,K2,tq “ rp4n
2,K3,tq “ rpn
2, x1, 1, 233tyq.
Assume that n is odd. If x2 ` 4y2 ` 4yz ` p233t ` 1qz2 “ n2, then either x or z is
odd, but not both. Hence we have
rpn2,K1,tq “ rpn
2, x1, 4, 253tyq ` r
ˆ
n2, x4y K
ˆ
4 2
2 233t ` 1
˙˙
.
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Similarly, we have rpn2,K2,tq “ 2rpn
2, x1, 4, 253tyq. Let K3,t “ Zx1 ` Zx2 ` Zx3
such that
pBpxi, xjqq “
¨
˝2 0 10 2 1
1 1 233t ` 1
˛
‚.
Let v P K3,t such that Qpvq “ n. Let a, b, c be integers such that v “ apx1 ´ x2q `
bpx2 ` x3q ` cx3. Since Qpvq ” b
2 ` c2 ” 1 pmod 2q, either b or c is odd, but not
both. Hence for any odd integer n,
rpn,K3,tq “ rpn,Zpx1´x2q`Zp2x2`2x3q`Zx3q`rpn,Zpx1´x2q`Zpx2`x3q`Zp2x3qq.
Since
Zpx1´x2q`Zp2x2`2x3q`Zx3 » Zpx1´x2q`Zpx2`x3q`Zp2x3q » x4y K
ˆ
4 2
2 233t ` 1
˙
,
we have
rpn2,K3,tq “ 2r
ˆ
n2, x4y K
ˆ
4 2
2 233t ` 1
˙˙
,
for any odd integer n. Consequently, for any integer n,
2rpn2,K1,tq “ rpn
2,K2,tq ` rpn
2,K3,tq.
This completes the proof. 
Proposition 4.5. Both ternary Z-lattices K1,0 and K1,1 defined above are strongly
s-regular ternary Z-lattices.
Proof. Note that
genpK1,0q “ tK1,0,K2,0,K3,0u and genpK1,1q “ tK1,1,K2,1,K3,1u.
Therefore by Lemma 4.4, we have
rpn2, genpK1,iqq “ 4
ˆ
1
8
rpn2,K1,iq `
1
16
rpn2,K2,iq `
1
16
rpn2,K3,iq
˙
“ rpn2,K1,iq,
for any integer n and any i “ 0, 1. Therefore by Lemma 2.3 of [5], we see that both
K1,0 and K1,1 are strongly s-regular. 
Remark 4.6. If a strongly s-regular lattice M has class number two, then the other
lattice in the genus of M is also strongly s-regular by Remark 3.3 of [5]. This is not
true in general if the class number of a lattice is greater than two. For example,
both ternary Z-lattices K1,0 and K1,1 are strongly s-regular, however all the other
lattices in genpK1,0q and genpK1,1q are not strongly s-regular.
For any positive integer t, we define
ℓt “
ˆ
1 1
2
1
2
1
˙
K x3ty, Lt “
ˆ
1 1
2
1
2
7
˙
K x3ty, Mt “
¨
˝1 12 121
2
7 5
2
1
2
5
2
3t` 1
˛
‚
and
Nt “
¨
˝3 32 03
2
3 3
2
0 3
2
3t` 1
˛
‚, Kt “
ˆ
1 1
2
1
2
1
˙
K x27ty.
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Lemma 4.7. Let t be any positive integer. For any positive integer n, we have
rp3n` 1, ℓtq “ 3rp3n` 1, Ltq “ 3rp3n` 1,Mtq “ 2rp3n` 1, Ntq ` rp3n` 1,Ktq.
Proof. Let tx1, x2, x3u be the basis for ℓt whose Gram matrix is given above. As-
sume that Qpax1` bx2` cx3q “ 3n` 1. Since pa´ bq
2 ” 1 pmod 3q, we have a ” 0
pmod 3q or b ” 0 pmod 3q or a ` b ” 0 pmod 3q, however any of two cases cannot
occur simultaneously. Therefore we have
rp3n` 1, ℓtq“ rp3n` 1,Zp3x1q ` Zx2 ` Zx3q ` rp3n` 1,Zx1 ` Zp3x2q ` Zx3q
`rp3n` 1,Zpx1 ´ x2q ` Zp3x2q ` Zx3q,
which implies that rp3n ` 1, ℓtq “ 3rp3n ` 1, Ltq. Now let y1 “ x1, y2 “ x2 and
y3 “ x1 ` x2 ` x3. Then
pBpyi, yjqq “
¨
˝1 12 321
2
1 3
2
3
2
3
2
3t` 3
˛
‚.
Assume Qpay1 ` by2 ` cy3q “ 3n` 1. Since pa ´ bq
2 ” 1 pmod 3q, we have a ” 0
pmod 3q or b ” 0 pmod 3q or a ` b ” 0 pmod 3q, however any of two cases cannot
occur simultaneously. Therefore we have
rp3n` 1, ℓtq “ rp3n` 1,Zp3x1q ` Zx2 ` Zx3q ` rp3n` 1,Zx1 ` Zp3x2q ` Zx3q
`rp3n` 1,Zpx1 ´ x2q ` Zp3x2q ` Zx3q,
which implies that rp3n ` 1, ℓtq “ 3rp3n ` 1,Mtq. Finally, if we choose a basis
tx1, x1`x2, x1`x3u for ℓt, then we may prove that rp3n`1, ℓtq “ 2rp3n`1, Ntq`
rp3n` 1,Ktq. 
Proposition 4.8. The ternary Z-lattices L1, L4, L10 and M6 are all strongly s-
regular.
Proof. First, note that Nt is contained in genpKtq for any positive integer t, Lt P
genpNtq if t ” 1 pmod 3q, andMt P genpNtq if t ” 0 pmod 3q. For any integer t ı 0
pmod 3q, since λ23pLtq » λ
2
3pNtq » λ
2
3pKtq » ℓt, we have
(4.3) rp9n, Ltq “ rp9n,Ntq “ rp9n,Ktq “ rpn, ℓtq.
If t ” 0 pmod 3q, then we have
rp9n,Mtq “ rp9n,Ntq “ rp9n,Ktq “ rpn, ℓtq.
For t “ 1, 4 or 10, one may easily show that genpLtq “ tLt, Nt,Ktu and genpM6q “
tM6, N6,K6u. Now by equation (4.3) and Lemma 4.7, we have
rpn2, Ltq “ 4
ˆ
rpn2, Ltq
8
`
rpn2, Ntq
12
`
rpn2,Ktq
24
˙
“ rpn2, genpLtqq,
for any t “ 1, 4 or 10. Furthermore, we have
rpn2,M6q “
8
3
ˆ
rpn2,M6q
4
`
rpn2, N6q
12
`
rpn2,K6q
24
˙
“ rpn2, genpM6qq.
This completes the proof. 
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Theorem 4.9. Let L be a ternary Z-lattice representing 1. Then L is strongly
s-regular if and only if L satisfies rpn2, Lq “ rpn2, genpLqq for any integer n.
Proof. Note that “if” is trivial. The “only if” is the direct consequence of Theorem
3.2 and Propositions 4.3, 4.5 and 4.8. 
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